We examine the impact of different anisotropic relics on inflation, in particular the predictions on the density perturbations. These relics can be the source of the large scale anomalies in the cosmic microwave background. There are two different types of background relics, one from the matter sector and the other purely from the metric. Although the angular-dependence of the statistical anisotropy in both cases are degenerate, the scale-dependence are observationally distinctive. In addition, we demonstrate that non-Bunch-Davies vacuum states can extend the statistical anisotropy to much shorter scales, and leave a scale-dependence that is insensitive to the different backgrounds but sensitive to the initial quantum state.
I. INTRODUCTION
Several anomalies in the largest scales of the CMB [1, 2] have been interesting sources of inspiration for constructing models of early universe beyond the Standard Model of cosmology. For example, it has been found that there are certain scale-dependent statistical anisotropies in these scales [3] [4] [5] [6] [7] . Before inflation, the universe is supposed to be inhomogeneous and anisotropic. Without active supporting sources, these initial relics at the beginning of inflation are wiped out by inflation very quickly. However, if the number of e-folds of inflation is minimal, namely not much more than that is required to solve the flatness and the horizon problems of Big Bang, these initial relics can leave their imprints in the statistics of the largest scales of the density perturbations.
These statistical anisotropies are naturally scale-dependent. The details of scale-dependence crucially rely on the background source of the anisotropy and the initial quantum states. Such relations between the early universe models and observables provide a special window to the physics of the early universe. To properly understand these relations, systematic classification of different relic models and their predictions are necessary. This is particularly important because the analyses of large scale anomalies are often limited by the cosmic variance. By classifying the relic models, their predictions are classified into packages. These predictions include the scale dependence and angular dependence of the anomalies, together with other possible predictions on such as spatial curvature and nonGaussianities. When comparing with data, the package of predictions provide theoretical templates which may provide a unified explanation for several anomalies. Some related new anomalies may be predicted and verified, substantially increasing the statistical significance. In addition, systematic studies of different anomalies in model-building can tell us not only why they are present, but also which fundamental physics we are able to probe.
With these motivations in mind, we note that there are two classes of models with initial anisotropics relics. The source of the initial anisotropy can either be matter fields, or solely from the gravitational sector 1 . The main goal of this paper is to compare the predictions of these two classes of models. For the first type of models, an example of relic vector field has been studied analytically and numerically in Ref. [10, 11] . This model gives a specific prediction on the form and scale-dependence of the statistical anisotropy of the CMB. The dependence of the prediction on the initial quantum fluctuation state is also studied. For the second type, a Bianchi-type inflationary background model has been studied in [8, 9] . The density perturbations in this study was done only numerically. To properly compare them with the first type of models and to make the prediction more relevant to the data analyses, we use the same perturbative method as in [10, 11] to solve these models analytically. We examine the angular and scale-dependence of the statistical anisotropy in these two types of models. In addition, we study the effects of the initial quantum state on these predictions following [10, 11] , and emphasize how the resulting distinctive scale-dependence can be used as a probe of non-Bunch-Davies (non-BD) vacuum. For earlier works considering anisotropies generated from initial anisotropies in metric with non-BD vacuum see [23] [24] [25] . The imprint of non-BD initial condition in models of anisotropic inflation [12] was also studied in [26] .
II. BACKGROUND EVOLUTION
We start with the minimal model of inflation based on a scalar field minimally coupled to gravity
in which M P is the reduced Planck mass. Before inflation reaches its attractor isotropic FRW phase, the expansion rates along different spatial directions may be different. The difference can be modeled by the type I Bianchi Universe, with the metric
Note that to simplify the analysis, we have assumed that there is a remnant two-dimensional symmetry in y − z plane. Later on we consider the most general case in which all three directions are anisotropic. Considering the following ansatz for the scale factors a and b, a ≡ e α(t) and b ≡ e α(t)+3σ(t) , the metric (2) becomes
With the metric in this form, the background field equations arë
in which a dot indicates derivative with respect to t. One can integrate the above equations and to leading order in slow-roll expansion obtain (the details can be found in appendix A )
in which the subscript 0 represents the values of the corresponding quantities at the start of inflation η = η 0 , H =α is the leading order Hubble expansion rate and H ≡ aH.
III. PERTURBATIONS
Here we study perturbations in this model. The perturbation in this model is solved numerically in [8] . However, in order to compare the results with a different model presented in [10, 11] , here we solve the model analytically as in [10, 11] . In principle one should take into account the perturbations in both of the matter and metric sectors. This can be achieved by integrating out the non-dynamical degrees of freedom. We leave the details of this analysis to appendix B. However, due to the slow-roll approximation, it turns out that the additional terms from integrating out the metric degrees of freedom are sub-leading compared to the typical terms coming from the matter sector and in order to read off the leading corrections we can neglect them all together [27] .
Neglecting the metric perturbations, the second order action for δφ is then well approximated by (see Appendix B 2 for the total form of the quadratic action)
where the last term is also slow-roll suppressed and can be neglected. Throughout the paper we use the prime to indicate the derivative with respect to the conformal time defined in terms of the scale factor a(t), dη = dt/a(t). The equation of motion for δφ in Fourier space is
We can expand δφ in terms of the usual creation and annihilation operators as
By using Eqs. (8) (9) and the above expansion, the perturbed scalar field equation (11) is written as
In this paper we are interested in small anisotropies so we can solve the above equation perturbatively. Since the effect of Bianchi anisotropy has been parameterized by
3 , we would expect that all modes, either near the horizon or well inside the horizon, are affected by the anisotropy of this order. However, as shown in [10] , in order to see this explicitly a proper change of variables in (13) is necessary. In the following, first we solve equation (13) using the original variable u k . As we will see, the expansion breaks down for modes deep inside the horizon. We improve our expansion scheme by changing to a new variable and present an expansion which is suitable for both near horizon and UV modes.
A. Near Horizon expansion
Now we would like to solve the equation of motion for perturbations. Following [10, 11] , we can expand u k as
in which the zeroth order isotropic wave function is given by
One can interpret C + as the correction in wave function normalization and u k(1) as the corrections in the profile of wave function in the presence of anisotropy. The next order u k(1) can be solved perturbatively from the following equation,
Using the ansatz
we get
We see that for kη > σ0 H0 −1 (H 0 η) −3 the above expansion breaks down, as we discussed. We will come back to this point soon.
We determine C + by using the following normalization condition
where δπ p is the momentum conjugate associate with δφ p , δπ p = b 2 δφ p . The above condition leads to the following equation
Since η → 0, we just keep the leading constant term. It turns out that only α 3 plays role while the other higher terms are exponentially suppressed. We get
in which the amplitude of momentum k and the angle Θ are defined as
B. UV safe expansion
One might have some doubts in the above expansion scheme because it breaks down for short wavelength modes
(H 0 η) −3 due to the last term (20) . Physically we do not expect this to happen. This problem is especially important if we would like to study the effect of anisotropic relics on the short wavelength modes. So to demonstrate explicitly the validity of our method, we have to elaborate the expansion scheme. It turns out that this can be fixed by properly choosing the variable used in the perturbative method. The expansion will be perturbative for all modes if we choose to perturbatively expand the exponent in the variable u k [10] . Defining
we expand ψ k (η) in orders of σ 0
One can then solve this perturbatively (see Appendix C) and get
where β n are given by
For UV modes,
So the anisotropic corrections remain small for all modes. At late time, the conserved curvature perturbation approaches to the attractor single field expression, ζ ≈ −H 0 δφ φ0 , in the gauge used here. Therefore we can use this time-delay formula to compute the power spectrum by evaluating the variables at their attractor values. The statistical anisotropy in the finite result shows up through the coefficient C + we just computed. We thus have
where the isotropic power spectrum is defined via P ζ0 ≡
2 . Now we can compare this result with that in the model of relic vector field [10, 11] . In both models, the anisotropy is axial symmetric, so as expected they have the same angular-dependence. But due to the different sources, the anisotropies in these two types of models have different scale-dependence. In the relic vector case the anisotropy decays towards smaller scales as ∼ 1/k 4 . However, here in the Bianchi type cases in which anisotropy is generated from anisotropic scale factors, it decays as ∼ 1/k 3 . These two different behavior are related to the different decay speeds of the background relics in the models.
IV. AN NON-BD EXAMPLE: GAUSSIAN STATE
For inflation with minimal number of e-folds, the initial state of quantum fluctuations also do not have to be in their attractor vacuum states. It is therefore a sensible question to consider the effects of the non-BD states, and see how the initial quantum states of the universe leave their imprints in the statistical anisotropy of the CMB [10, 26] . Conversely any distinctive predictions can then be used as a probe of the initial quantum state of the Universe. In the following, we use a specific example for the non-BD vacuum, namely the Gaussian state [28, 10] 2 . As we will see, there are two types of scale-dependence. One has an oscillatory behavior while the other is not oscillatory. To start, let us write down the quadratic Hamiltonian for the quantum fluctuations of the inflaton field, δφ, in a canonical form
The Hamiltonian is
Using the Schrodinger picture to quantize the fields as
where the creation and annihilation operators satisfy the usual commutation relations and
is proportional to mode function with C +0 and C −0 being initial constants while
Now we can define the Gaussian state at η 0 as,
Through this condition, the initial quantum state acquires an anisotropic component due to the anisotropic background. By using Eq. (37), we get
where we have defined,
On the other hand, we may also use the normalization condition for C +0 and C −0 as
Now by using Eqs. (41) and (43), the power spectrum is proportional to
where
We are mostly interested in the non-oscillatory anisotropic terms because such terms are sensitive probes of the initial quantum states [10, 11] . 3 Interestingly, while in the BD cases, the scale-dependence of the statistical anisotropies are different for the relic vector field model (∼ 1/k 4 ) [10, 11] and the Bianchi model (∼ 1/k 3 ) as we obtained in previous Section, the effect of the non-BD Gaussian state on both models are the same. Such a state generically extends the anisotropy to much smaller scales and the scale-dependence for both cases are ∼ 1/k 2 . This can also be readily understood. In the BD case, the background evolution plays the dominant role in the final results. However, in the non-BD case the initial quantum states play more important roles enhancing the anisotropy of the shorter wave-length modes. We have given just one example of non-BD state here. It is plausible that the enhancement caused by other non-BD states can have different scale-dependence.
V. GENERALIZATION: FULL ANISOTROPY IN ALL 3 SPATIAL DIRECTIONS
In the previous sections we have reduced the three-dimensional spatial translational symmetry to the twodimensional translational symmetry. In the rest of the paper, we generalize these results to the maximally anisotropic case in which all three scale factors are different. We expect the scale-dependence of the anisotropic power spectrum to be the same as we studied above. However, we expect the angular-dependence to be different.
A. Background
In this case the background metric is given by
Considering the following anasatz for the scale factors a, b and c,
FIG. 1:
Here we plot the evolution of H b and Hc. As we expect, the attractor solution is FRW as the system approaches to it very rapidly. The parameters are chosen such that at an initial time t0,σ0 = 0.05α0 andδ0 = −0.08α0.
the background equations of motion isφ + 3 α +σ +δ φ + V φ = 0 (50)
σ + 3σ α +σ +δ = 0 ,
δ + 3δ α +σ +δ = 0 .
Although the above equations seem to be complicated, they can be simplified by using the slow-roll approximation. The situation is similar to the previous case where both ofσ andδ decay like a −3 and our system approaches to its attractor FRW phase. We present the attractor solutions in Fig. 1 .
As in our previous case, we can integrate the above equations and find the following approximate solutions
c H
B. Perturbations of the fully anisotropic background
Now we consider the perturbations of our full anisotropic background. As we have justified before, we can safely neglect the metric perturbations and only consider the inflaton fluctuations. Then the second order action is
Again we have neglected the terms that are slow-roll suppressed. Now the equation of motion for δφ is
Expanding δφ in terms of usual creation and annihilation operators as in Eq. (12), the perturbed scalar field equation becomes
Parallel to what we did for the axial-symmetric case, first we solve the above equation for the "near to horizon modes" and then we improve our expansion by changing the variable. Subsequently, we present an expansion which is suitable for both of near horizon and UV modes.
C. Generalized near horizon expansion
Following our previous procedure, we can expand u k as in Eq. (14) . Then the goal is finding C + and u k (1) . Let us start with the differential equation of motion for u k(1) ,
from which we get
As it has been discussed before, we determine C + by using the normalization condition which leads to
where we have chosen the wave number k as
Note that as before Θ is the angle ofk with respect to the x axis while Φ is the azimuthal angle ofk in y − z plane.
D. Generalized UV safe expansion
As in the previous cases, we expect that all modes, including the near-horizon and UV modes, receive the same order of anistropic corrections. So we improve the expansion scheme by changing the variable as Eq. (25) . Expanding ψ k (η) in orders ofσ 0 andδ 0 leads us to the following expression for ψ k(1) (η) where Ξ n are given by
Using the same time-delay formula, ζ ≈ −H 0 δφ φ0
, and the above formulas for δφ, we can calculate the power spectrum of curvature perturbation as,
Eq. (73) is the main result of this section and shows the non-trivial shape of anisotropic power spectrum as a function of the angles Θ and Φ. In the limit where σ 0 = δ 0 and Φ = 0, the above result coincides with the result in Eq. (33) as expected.
Since the above formula is somewhat complicated, in Fig. 2 we draw a few diagrams to illustrate this two-dimensional angular patterns. We perform this for different choices of σ 0 and δ 0 .
VI. STATISTICAL ANISOTROPIES ON THE CMB
In this section, we expand the anisotropies derived from previous sections in terms of the spherical harmonics basis. The correlation functions of the expansion coefficients are the observables on the CMB. The anisotropic corrections in Eq. (73) are
In terms of the g L,M parameters [41] defined via
the anisotropic correction can be written as
In terms of a lm , the anisotropy can be expressed as
where g l (k) is the radiation transfer function. Inserting the anisotropic corrections from (74), for the anisotropic corrections in C we obtain
Note that the following integrals are l-independent:
The detail of the above calculation can be found in Appendix D. As a result, the correction ∆C l does not obtain additional l-dependence other than from the radiation transfer function:
In the presence of statistical anisotropies, non-diagonal couplings of a l1m1 a l2m2 with l 1 = l 2 are turned on [11, [42] [43] [44] [45] . Making use of the Gaunt's formula
the Y 2,m anisotropy introduces
where m takes values in {0, 2, −2}. The non-zero elements of a l1m1 a * l2m2 2,m are those with l 1 = l 2 or l 1 = l 2 ± 2 which also have comparable amplitudes.
VII. CONCLUSIONS
In this paper, we have studied statistical anisotropies in a model of inflation with a relic background anisotropy of the Bianchi I type. We have compared the predictions in the density perturbations in this model with another type of relic anisotropy model where the source is a vector field in the matter sector. We also considered the effect of a non-BD Gaussian state in such a model, as an illustrating example of how the non-BD states in minimal inflation models can extend the effects of the anisotropy to shorter scales in density perturbations.
In Fig. 3 we have summarized the scale-dependence of the anisotropic power spectrum of these relic scenarios. As expected, the angular dependence of the statistical anisotropy in density perturbations are the same for all three models, because we have set up the same axial symmetric initial condition. Nonetheless, interestingly, the differences in the underlying physics of the models still lead to distinctive observable differences. In the BD vacuum case, the statistical anisotropy in the vector relic field model decays as ∼ 1/k 4 while in the Bianchi model it decays as ∼ 1/k 3 . These behaviors are determined by the different background sources of the anisotropy. In the example of non-BD Gaussian state, the scale-dependence in both models become the same, ∼ 1/k 2 for the non-oscillatory part, dominated by the similar initial quantum states in both cases. Such a quantum state enhances the anisotropy in much shorter scales, and becomes an interesting probe of the initial quantum state of the universe. For comparison, in Fig. 3 we also listed the predictions from the models of anisotropic inflation based on attractor gauge field dynamics such as in [12, 13] in which anisotropies are generated actively during entire period of inflation. To leading order, the anisotropic power spectrum in these models are given by δP ζ ∝ P ζ0 N (k) 2 in which N (k) represents the number of e-folds when the mode of interest k leaves the horizon [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] . To leading order (neglecting the logarithmic scale-dependence of N (k) to k) the attractor anisotropic models predict nearly scale-invariant anisotropic power spectrum. As another class of scale dependence, when the anisotropies are originated from the tensor sector, the scale dependence is characterized by the CMB transfer function from the primordial tensor mode into temperature [16] .
Finally we also generalized the anisotropy from the axial symmetry to arbitrary angular dependence and calculated the corresponding anisotropic power spectrum. the metric and matter perturbations into scalar and vector components with respect to the 2D rotation in the y − z plane. We also note that there are no tensor perturbations in two dimensions. In order to simplify the analysis and by employing the remnant symmetry in y − z plane, we put k z = 0.
With these discussions the most general form of metric perturbations is
In this decomposition A, β, B,ψ, γ, ψ and E are scalar perturbations while B i , Γ i and E i are vector perturbations subject to transverse conditions
One can choose the following gauge for the metric perturbations [27] :
The gauge in Eq. (B3) is similar to the flat gauge in standard FRW background.
The quadratic action
Here we present the quadratic action for the inflaton field and metric degrees of freedom. Following the approach of [27] , the second order action for the scalar degrees of freedom in Fourier space is
We have to integrate out the non-dynamical variables {β, B, A} from the action Eq. (B4). The analysis is simple but tedious. It turns out that it would be much easier to first integrate out β, then B and finally A. Performing the details of integrating out analysis, the final action for the remaining dynamical field is L = L φφ + L γ−γ + L φ γ in which 
Note that we have defined k as, k 2 ≡ k 
Leading Correction
To see the leading corrections in the action let us take a look at Eq. (B7). As we can see all of the terms are proportional to φ which means that they are all slow-roll suppressed. These terms are due to the metric perturbations since in the original action Eq. (B4) there is not any mixing between φ and γ. The situation for Eq. (B5) is the same, terms that are not directly from the matter sector are proportional to φ or V ,φφ and so are slow-roll suppressed. Therefore, we conclude that the metric perturbations in quadratic action are sub-leading compared to the contributions from the matter sector fluctuations. 
Finally by using the following identity, l l 0 0 0 0 = (−1)
